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Abstract

We construct an example of a smooth map C — C? which vanishes to
infinite order at the origin, and such that the ratio of the norm of the z
derivative to the norm of the z derivative also vanishes to infinite order.
This gives a counterexample to strong unique continuation for a vector
valued analogue of the Beltrami equation.

1 Introduction

We will construct an example of a smooth function u : C — C? which has
an isolated zero of infinite order at the origin (|2 ~*u(z)|| — 0 as z — 0 for all
k > 0), and where the ratio of norms of derivatives ||uz||/||u;|| is small, also
vanishing to infinite order at z = 0. This behavior is obviously different from
that of a map u with uz = 0, which would be holomorphic and could not have
an isolated zero of infinite order. This vector valued case is also different from
the complex scalar case, where solutions u : C — C of the well-known Beltrami
equation uz = a(z)u,, for small a(z), also cannot vanish to infinite order at an
isolated zero ([B], [CH], [AIM], [R]).

More precisely, we will show in Section 4 that in a neighborhood of the
origin, u(z) is a solution of a Beltrami-type system of differential equations,
which is linear, elliptic, and has continuous coefficients very close to those of
the Cauchy-Riemann system, but does not have the strong unique continuation
property. In Theorem 4.1, we verify the coefficients are not Lipschitz continuous.
Counterexamples to the weak unique continuation property for elliptic Beltrami
systems have been considered by [IVV].

The construction was motivated by an example of Rosay ([R]) and questions
posed by [IS], who were considering the unique continuation problem for systems
of equations from almost complex geometry.

MSC 2010: 35A02 (Primary); 30G20, 32W50, 35J46 (Secondary)



In Section 2, we develop a general framework for constructing smooth maps
C — C? vanishing to infinite order. In Section 3, we present both Rosay’s
example and our new example. In Section 5 we state some open questions.

2 (General Setup

2.1 Annular cutoff functions

Start with a real valued function s(z) which is smooth on R, with s = 0 on
[0,1], s increasing on [1, 2], s(3) =1, s/(3) =2,5"(3) =0,and s =1on [3,1].

For r1 > 0 and two parameters 0 < r < r; and 0 < Ar < r; — r, denote
the annulus A, aor = {z =2+ iy € C:r < |z| < r+ Ar} (contained in the

disk D,,), and define a family of functions x,ar : Arar — R by the formula
Xr.ar(z) =s (‘1—?) At a particular point Z = (Z,7) € Ay Ar,

)
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The y derivative is similar, and the z, z derivatives are complex linear combi-
nations. In particular,

0 _ 9 =\ iy
82XT’AT(Z) N 82XT’AT(Z) = ° < Ar > 2|z|Ar (1)
0 0 mo1
- — | = <
— | grnarts)| = |goarta)| < B )

for some constant mg; > 0 not depending on r1, r or Ar.
For higher derivatives of x, ar, the following Lemma is a simplified version
of the Faa di Bruno formula for derivatives of composites.

Lemma 2.1. For k > 0, there exist polynomials pape (%1, T2, 23), Gabe(T1, X2, T3)
indexed by a,b,c > 0, a+b =k, ¢ <k, with constant complex coefficients (not
depending on r1, v, Ar, or s), so that

o o . 1zl =7\ Pabe(z, Z, A1) + |2|qabe(2, Z, Ar)
~z Y — (e) Pabel%, 7, Gabc\Z, 2,
0z 9zb Xrar(2) ; § ( Ar ) |2|2%(Ar)k '

Proof. The k = 0 case is trivial and the k = 1 case is stated above. We record



the second derivatives:

02 0?2
@XT,AT(’Z) = @XT,AT(Z)
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92 oan(s) = |z| — 1 Ly |z| =7 1
020z""" Ar ) 4(Ar)? Ar ) 4)z|Ar

The proof for all larger k is by induction on k; the calculation is straightforward
and omitted here.

It follows as a consequence of the Lemma that there are positive constants
map (indexed by a,b > 0, a + b = k, and depending on the choices of s and 71,
but not depending on r, Ar) so that

0° 8b Mab
‘%ﬁXT,AT(z) < W
—  max ﬁ&_”x arz)| € et
2€A, A, | 020 9205 = r2k(Ar)k

In various cases, in particular & = 1 as in (2), the r2* can be improved (with a
smaller exponent), but it is good enough to use later in Lemma 2.3.

2.2 The basic construction of the examples

Let 7, be a real sequence decreasing with limit = 0. Denote Ar,, = r, — rp41.
Let A,, denote the closed annulus

An = Arn+1,Arn ={2€C:rpp1 < 2] <},

so the union is a disk: D,, = (UA,)U{0}. The annular cutoff functions can be
indexed by n: Xn = Xr,41,Ar, : An — R.

For n € N, let p(n) be an increasing positive integer sequence; set p(0) = 0.
Let F(n) be a positive real valued sequence; set F(0) = 1. Define a function

u:D,, — C?byu(0) = [ 0 } and on the annulus A, for even n:

0
_ [ (=)
u(z) = [ UQ(Z) ] )
u'(z) = F(n)z*™), (4)
() = xn(2)Fn— DD 4 (1= xu(2)F(n+ D (5)

For odd n, switch the formulas for u', u?.



So far, for any s, r,,, p, F, the function u is smooth on D,, \ {0}, and extends
holomorphically for |z| > r;. We also have that u and u, have non-zero value
at every point of D, \ {0}; for n even (and switching indices if n is odd):

= F(n)p(n)|=[" 1, (6)

0 1
ull > |—u

2.3 Smoothness at the origin

An important property of the examples u : D,, — C? we want to construct is
that they are smooth at (and near) the origin. It is not enough to check only
that the components vanish to infinite order. In general, as easily constructed
examples would show, for functions f : RY — RM | f can vanish to infinite order
at the origin:

@

lim 2
7—0 12|

=0

for all whole numbers k, but need not be smooth. Our approach to proving
smoothness of our examples will be to show !, 2, and all their higher partial
derivatives approach 0; this implies vanishing to infinite order, as in the following
Lemma.

Lemma 2.2. Given f : R?\ {0} — R', suppose f is smooth and for each

J,k=0,1,2,3,..., ‘
i 2 @y)
(z.y)—0  Oxkdy!
Then extending f so that f(0,0) = 0 defines a smooth function on R? that
vanishes to infinite order at the origin.

Proof. f is continuous at 0 by hypothesis (j =k =0). To show f is sznooth, we
only need to show every partial derivative of order ¢ of f exists at 0, and has
value 0; then it follows that for k + j = ¢, %{w is continuous at 0.

The proof is by induction on £; suppose for any non-commutative word
gFryit ogkeyie with by 4+ ko + 1+ .4+ jy =k+j =1, W}”(m,y)
exists at 0 and has value 0. Then, the z-derivative at the origin is (with the
y-derivative being similar):

9 0 f(x,y)
ax axkl y]l e xkayjb (070)

o FOO+1,0) = 52— £(0,0)

lim D1yl . ghayis T 9zFiyii . ghayiy

t—0 t
i
. az(’?é)yj f(tv 0) -0
= lim .
t—0 t



__o . ; - :
Let g(t) = Wayif(t’ 0); then }gr(l) g(t) = 0 by hypothesis, and

aé—i—l

g'(t) = Wf@ﬂ)

L’Hoépital’s Rule applies to the above limit:

! 41
hm& = lim g\v) () =1 0

= lim ————
t—0 t t—0 1 t—0 Oxkt19yJ

£(£,0) = 0.

The property of vanishing to infinite order follows from Taylor approximation
at the origin.

For our examples u, we want to choose r,, p, and F, so that u is smooth
and vanishes to infinite order at 0. The following criterion for smoothness will
be verified for both the Examples in Section 3.

Lemma 2.3. If % is a bounded sequence and, for each integer k > 0,

_ F(n+1)(p(n+ 1))kphtD =4k
lim
n—o0 (Ary /1p)F

=0, (7)

then u is smooth and vanishes to infinite order at the origin.

Proof. From Lemma 2.2 and the construction of u, it is enough to show, for any

non-negative integers a, b, with a + b = k, that
b
LANEAN
0z 0z

b
N (o)
0z 0z
both have limit 0 as n — oo.

The following estimates for the derivatives assume n is sufficiently large
compared to k. The derivatives of u! = F(n)zP(™ (4) are easy:

IAREARS
0z az)
The derivatives of u?(z) (5) are considered one term at a time. For the first
term:
N[\’ .
(a_) (a—) (@) —1z20)
a\* 2\’
_ _ “ “ . ,p(n—1)
F(n—-1) (82) (((82) Xn(2)> z )
2% a b a
o\ /0 o\"
_ _ . Y . p(n—1)
ro-n 5 () (@) we) () )

a1+tas=a

max

,  max
zEAL

zZ€EA,

IN

[P0)p) () — 1)+ (plm) — b+ 1)22)

IA

F(n)(p(n))* i (8)



The sum is over the 2% terms (with many repeated) that result from applying
the product rule a times.
By Lemma 2.1,

(&) (3w
(27

Let my = max mgp. Then
a+b<k

(2 (2) Guoren

Mayb 1)
Fln—1)2 e { 220 +0) gArn)aler } max {(p(n —1))“2]|p(* D ‘”}

< malb
>~ |Z|2(a1+b) (A?”n)al""b ’

and

= pln— 1) (pln = 1) = ag o+ D

< (p(n = 1)%2[zPn D0,

IN

a m a n— —a
< F(n—1)2 m(p(n — 1))z
m BRI
< Fln = )2 i (pln — D))
F(n—1)(p(n = ))Fr" 707
< 9ok )
< 2 my (Arn)k (9)

Similarly for the second term of u?(2),

| (§> <§) ((1 = xa ()P0 + 1220

F(n+1)(p(n + 1))kr§b(n+1)—3k
(Ar,)k :

< 2Fmy,

(10)

So, the criteria for all the derivatives of u to vanish at the origin are that the
expressions (8), (9), and (10) must all have limit 0 as n — oo. The hypothesis
(7) is equivalent to (10)— 0. Comparing (10) to (8) by shifting the index in (8)
from n to n + 1, this scalar multiple of (10) is much larger:

F(n+1)(p(n + 1))kr§l(n+1)—3k
(Ar,)k

> F(n+1)(p(n + 1) 007,

so if (10) has limit 0, then so does (8).
(10)— 0 also implies F'(n + 1)7’51("“)71c — 0, which is enough to show u
vanishes to infinite order: ||z 7*u(z)|| — 0 as z — 0.



Shifting the index in (9) from n to n + 2 gives the following quantity (11),
which is comparable to (10):

F(n+1)(p(n + 1))krrGr =

2Fm 11
g (Arpy2)* )
= gby, Ft D@+ D) AR (A fra)*
’ (Ary fro)F (Aruga/rar2)*
and under the additional hypothesis that Ar?:zim is a bounded sequence, (7)
also implies (9)— 0. i

2.4 Comparing first derivatives

[Ju |
[Ju||
n even (and switching indices if n is odd), expanding the derivative and using
(2) gives:

We want to choose F', p, and r,, so that is small, as z — 0. For z € A,

a 2
Jus| = ‘&“
= TAn:«n Fn =1}z + ZL? F(n +1)[z[P( D)
" n
= ZL;H |Z|P(n)*1 [F(n — 1)|z|P(n71)*P(n)+1 + F(n+ 1)|z|p(n+1)7p(n)+1:| .
n

Using (6) and introducing a factor g(n) > 0, for z € A,:

_ 1),.p(n=1)—p(n) p(n+1)—p(n)
[l moragln) [F - Drid ~Fnt U }(12)

Jul| = Arp(n) g(n)F(n)

The first fraction in the product is what we want to make small for large n,

A
depending on p and # The second fraction we would like to make bounded,

depending on F' and 7:;, and an arbitrary fudge factor g. The role of g is to
manage the size of F' and simplify the calculation proving boundedness of the
second factor, possibly at the expense of affecting the rate at which the first
factor approaches 0.

3 Examples
Example 3.1. Rosay’s example ([R]) has p(n) =n, r, = 27" and AT—T =1
Then (12) becomes:

Juafl -~ n g(n)F(n)



The choice, as in ([R]), F(n) = 27°/2  satisfies the recursive formula
F(n—1)2" = g(n)F(n), (14)

with g(n) = v/2. This simplifies the second factor of the RHS of (13), so it is

easily seen to be bounded. The conclusion is H < % for z € A, and since

1 1 1
n < — log, | 2| < n—1 O An’

sl _ Gy
]l = =Tog, T2

(15)

for all z € Dy \ {0}.
To check that u is smooth and vanishing to infinite order at the origin, it is
enough to verify the condition of Lemma 2.3; for each fixed k& > 0:

2(n+1)2/2(n+ 1)k(2—n+1)(n+1—4k)
lim

Jim_ PRI =0.

The goal of the next example is to improve upon the order of vanishing of
the ratio (15).

Example 3.2. Consider r,, = m, SO T = ﬁ ~ 1.44, ro =

This radius shrinks much more slowly than in Example 3.1. Since

mE)

In(n+1)
L- In(n+2) _

A T 2))

there are constants Cs, co > 0 so that for all n:

Co Ar, In(n+ 1) Cy

nln(n + 2) < Tn In(n + 2) < nln(n + 2) (16)

Let p(n) = n?; then the inequality (12) becomes:
[uz]| o1 - (nln(n +2))g(n)

Jusfl -~ con?

{F(n —1) [m

:|f2n+1 L F(n L 1) [;} 2n+1:|

In(n+1)
g(n)F(n)

This motivates, in analogy with the previous Example, this choice of g and a
recursive formula for F(n) as in (14):

g(n) = In(n+2),
F(n) = (In(n+2)2"2AFn-1).
So F(1) = F(0) =1, and for n > 1,
F(n) = (In(n+2))P"2 . (In(n+ 1))PC~D72 . (In(5))* - (In(4))?

2

[(In(n +2))"~" - (In(n +1))" 72+ - (In(5))* - (In(4))']



Then the following sequence of ratios is bounded above because it is convergent
as n — 0o:

F(n—1)(In(n +2))2» 1 4 F(n + 1)(In(n + 1))+l
g(n)F(n)

n(n 2" (In(n (2n=2] p(p_
F(n — 1)(In(n + 2))2n1 4 Qo5 Qa2 2 2P (n-))

In(n + 2)(In(n + 2))2"—2F(n — 1)

(In(n + 3))2n
hl(n + 2)(ln(n + ]_))[2n+1] S Cg.

n
Here we used the elementary calculus lemma that (lnlgfz:f )) is a bounded
sequence.
The estimate for the ratio of derivatives on A,, for even n, becomes:

[[uz|] [uZ] _ mo1 - (nln(n +2))In(n +2)
< I = 2 Cs
[[u|| |uz] com
_ moi(In(n + 2))2C; _ Cy(In(n + 2))? (17)
B can N n
Cs(In(n + 1))?
_ 1
< n+2 (18)
For z € A,
1(n+2)* *ln(n—i—l)
— (In(n+1))?*< P | < (In(n + 2))?
1
V< =
n 2_eXp( |z|)_n+1’
s0
el o, 1
luell = P exp(ry)

2]

for all z € D,, \ {0}. It remains to check that u is smooth, and vanishes to
infinite order. The hypothesis on Ar, of Lemma 2.3 is satisfied (using (16)), so



for fixed k, consider the expression:

F(n+1)(p(n + 1))kr£(n+1)—4k
(Arp [ry)*

[(n(n +3))"(n(n +2)) - In(4)] (0 + 1) (55

)(n+1)2—4k

k
(1 ntee)
[(In(n + 3)"(In(n +2))" 1 - In(4)]* (n + 1)
k
(In(n + 1))(n+1)?—4k (m)

[(ln(n +3)*(n(n +2))" "t 111(4)} 2 (n+ 1)%*(In(n + 2))*
ck(In(n + 1))(nt+1)?—4k .

The last expression has limit zero by the Ratio Test:
((ln(n+4))"+1(ln(n+3))"~~~1n(4))2
ck(In(n+2))(n+2)2 -1k

In(n+3))7---1n(4))? f
(g O (4 1)% (n(n +2))*

(In(n + 4)?"2(In(n + 1)) "FD* = (n 4 2) (In(n + 3))"

(n+2)3*(In(n + 3))*

(in( + 2)) 7T 5 TP (infn + 2))°
(In(n + 4))27+2+k (n 4 2)3F
(In(n + 2))2n 37k (n + 1)3F

— 0,

again using the boundedness of

In(n+2) ) "
In(n) :

4 A Beltrami-type system

1

Any smooth mapu:C — C2, u= [ ZQ } , satisfies the following Beltrami-type

system of first-order differential equations at points where u, # 0:

] - L e 2]
ol ] pee | a2
1 Judul w2 [l
[l [ o2l uZ? || 2
1
u
= Q)| 1 |

For u constructed as in Section 2, on the annuli A,, with even n, ul =0, so the
first row of the matrix in (19) is [0 0], and similarly the second row is [0 0] for

odd n. Define Q(0) to be the zero matrix.

10



For a matrix Q(z) defined as in (19) by some fixed function u, the operator

0

0
L = — — Q(z)= is complex linear. If, on some neighborhood of z = 0, the

Q(z) entries are defined and small enough, then £ is elliptic (in the sense of
[AIM] Section 7.4).

In the following Theorem, we consider Q(z) for the example u(z) from Ex-
ample 3.2. If we restrict u and Q to z in some sufficiently small neighborhood
of the origin, u will be a solution of the elliptic equation £(u) = 0.

i J
uiuy

= W denote the i, j

Theorem 4.1. For u as in Ezample 3.2, let ¢;;(z)
entry in the matriz Q(z) from (19).
® qij € C(Dy, \ {0}) NC°(Dy,);
e q;; vanishes to infinite order: |z=%q;;(2)] — 0 as z — 0 for any k > 0;
e The partial derivatives exist at the origin: 2 q;;(0) = ,%Qij (0) =0;
o For any 0 < r < ry, ga2 does not have the Lipschitz property on D,..

Proof. The C*° claim follows from the smoothness of u on D, and the nonva-
nishing of u, for z # 0.
[z |2

The sum |q11|* + |q12|* + |g21]® + |g22|? is exactly which vanishes to

u. |2’

infinite order as z — 0 for u as in Example 3.2. It folli)lws that each ¢;; also
vanishes to infinite order, which implies Q and the entries ¢;; are continuous
at the origin, with the previously assigned values ¢;;(0) = 0. The flatness also
implies the existence of all directional derivatives at the origin of C = R?; for
the = direction,

§Qij i @0 = 450,00

T L @y=00  *7° T

The last claim takes up the rest of the Proof; the plan is to show there is a se-
0 uZu?

quence of points x,, € C approaching 0 so that — is an unbounded

oz wlf|

sequence. If goo had a Lipschitz property on D,., i.e., [g22(21) —/q22(22)| < K|z —
29| for some K and all z1, 2, then its derivatives on D, \ {0} would be bounded;
the unboundedness of the derivative also directly shows gao & C'(D,). A real
variable analogue of this behavior is the function exp(—1/|x|) cos(exp(1/|x]|)),
which vanishes to infinite order but has unbounded first derivative as = — 0.

It is enough, and simpler, to consider only n which are even and sufficiently
large. This will involve some estimates for derivatives that are more precise
than (9).

We choose the sequence x, = 7,41 + %Arn + 0i € A,,; then by construction

of s and xn, Xn(zn) = 3, and (1) gives 85(2 (xn) = agc; (xn) = ﬁ From (3),

0% gy = DXy = Dy ]
020% Tn) = 072 In) = 072 Tn) = 2z, Ary,

11



(this is where we use the s”(3) = 0 assumption, to simplify the calculation).

For r, as in Example 3.2, m < xp < m, and Ar, = m —
m satisfies
0 < cen(In(n +2))? < o < Cen(In(n + 2))2.
Tn
In the following expression,
0 R AR B ISl )
Oz uf*  Jluf®  [Jul? [ [*
_ouZu?wdug (upul 4 ue?) —wiu(usul 4 el +udul)
- 2 + 4 ? (20)
[Ju|| [Ju||

the terms with the largest magnitude are the ones involving the second z-
derivatives, u!l, and u?,. Evaluated at points in the sequence x,,, these terms
individually grow at least as fast as some constant multiple of n. However, due
to some cancellations, the overall growth rate turns out to be less than n; the
Theorem will be proved by showing one of the terms is unbounded and the
remaining terms have a slower rate of growth.

The first cancellation is that the second and last terms in the numerator of
the second fraction in (20) are exactly opposites. This leaves two terms with
zz-derivatives; using the power rule on u! = F (n)z"2 in the interior of A,, gives:

(20) becomes:

2,150 (4,2 _ (m2=Du
Uzuz Uz (uzz z = u%

2 2 2
zZz _ zZz Z. (21)
o * (L

uZ u2
uzzu2 uzu

+
a2

We will show that the last of the three terms in (21) is the dominant one.
First, consider the ratio:

uZl/Ju]

OXn (1) 1)
= [P = )G 4y (= )2 (22)

+ F(n+ 1)(—%%%”2 H (1= xn) (0 + 1)227 420

/ ‘F(n)nzznz_l‘ :
The following calculation for z € A,, is similar to that for the estimate (17).

2 F(n—l) H% |Z|(n—1)2 T X - (n_1)2|2|n2_2n}

[ul] = Fln)n2]z|71

Fln+ 1) [|22 11041 4+ (1= )+ 122720

F(n)n?[z|"* !

+

12



From Example 3.2, recalling F(n) = (In(n + 2))*"2F(n — 1), m <z <
m, and ‘% < TA”;“, it follows that there is some constant C7 > 1 so that
a2
= < Crln(n +2). (23)
|uil

To estimate the denominators of (21),

2
”uij = 14+ ('u_?) < 1+(C71n(n+2))2
|Uz| |uz|
= Jlu.)?® < Cs(n(n+2))%ull?

So we get a lower bound for the third term in (21),

22,2 2 9
usUSUL SUS S |u§‘ ‘u§| ‘uﬁg o)
[wl* = CZ(n(n+2)*ull®’
and consider (24) one factor at a time.
|ug ‘% -F(n — 1)Z(n—1)2 _ % F(n+ 1)Z(n+1)2‘
Mzl ’
|ul ‘F(n)n22n2—1| (25)
|u? ] . 1 1 (In(n + 3))2na2n+2
|uz 2=z, - Ar, (In(n + 2))2n—2n2m%n—2 N2
In(n +1))272 (In(n + 3))2"
> 1 2 2 ( _
> cen(In(n +2)) ((ln(n 12)2 232~ n2(In(n + 1))20 12

ca(In(n + 2))? .

> (26)

This lower bound (26) is comparable to the upper bound (17), which is used in
2
the next step to find a lower bound for % (22). Note that the expression (22)

[ull

has two terms which, using the equality of 85%" and

match two of the terms from u? in (25):

OXn
0z

when evaluated at x,,

u_g} + (n—1)2

uil,  2(In(n+ 2))2n—2p2g2n 1

+ (ln(n + 3))2n (n + 1)2xin+1
(In(n + 3))2"(n + 1)

2n2(1n(n + 1))2n+1

2n2
(In(n + 2))° i

(n —1)%(In(n + 1))?n1
- 2(In(n + 2))?7—2n2

5—‘ | N\:w

vV

coln(n +2) — Cy

V

cr7In(n + 2). (27)

13



This lower bound is comparable to the upper bound (23). The remaining factor
from (24) involves second derivatives:

Iuﬁzl/ Iuil
(n—1)2 a 2_n?-2n
= -z +2— FE “(n—=1)"z
2 .
F(n+1) 8;5,; L HD? 4 % (n+ 1)2z"2+2”> ‘ J|F(n)n?z" 1
n - 1 | | 2n+1 aQX’ﬂ |Z|—2n+2
F(n)n? 0207
F(n+1) 82Xn 2n+2 IOxn 212
_ A 1 n+1 .
F(n)n? ( 020% 1 Tz (n+ 17
Evaluating at x,, (again, for sufficiently large n),
|u?. 1 (n—1)° 1 1
Wi, = Wi+ 2P \ At Smahr, 7
(In(n+3))*" [ aprt? 1 2, 2n+1
_ 1)22n
n? 2z, Ar,, + Ar, (n+1)%,
1

cen(In(n + 2))%(n — 1)*(In(n + 1)) !

(in(n T 2722 |
1 2 2n—1
—5Csn(In(n +2))*(In(n + 2)) )
_ (in(n +3))"Cy(in(n +2))* (s
2 (In(n + 1))2n+t

(n+1)2 )

cuin(In(n + 2))3. (28)

v

So, the term from (24) is bounded below by a product including factors from

(26), (27), and (28):

S ca(In(n +2))2(cz In(n + 2))%ciin(In(n + 2))3
- nCZ(In(n + 2))*

> cia(In(n +2))3. (29)
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From the second term in (21), we consider the following quantity:

2 _ 2
z
_ 9 Xn (n— 1)2 aX’ﬂ 2_n%2—2n
- Fn 1)(82 220 (1 1125

+xn - (n—1)3(n* — 2n)z"2_2”_1>

a n (9 n 2
+F(n+1) < 8X2 L +1)? 8—>i;(n+ 1)2zn+2n

+(1 = xn) - (n+ 1)2(n2 + 2n)2n2+2n71)

S e R O )

—F(n+1)(n*—1) (—%2"2“" +(1=xn) (n+ 1)2zn2+2n1> .

The cancellation of the n* quantities is the key step. The ratio

5 (n?—=1)u?

82 n 2 0 n
= ‘F(n—l) (a—;z(nl) 8Xz (n —4n + 3)z" ?=2n

~Xn - (n—1)%(2n — 1)z"2*2”*1)

+F(n+1)<8aX2" (n+D)* ag”(n +dn 4 3)z7 0

(1= xn)(n+1)2(2n + 1)2" +2H)‘ / ‘F(n)n

2 _n?—1
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has an upper bound on the z,, sequence:

W2 — Wbl
|ull
< 1 1 n?—4n+3 (n—1)2(2n—1)
— (In(n+2)2"2n2 \ 22, Ar,z2" 2 Ar,a2n! 2z2n
N (In(n + 3))%" [ 22"*+2  (n? +4n + 3)z2nt! N (n+1)%2(2n + 1)z2"
n2 2, ATy, Ar,, 92
1 1 o
< (In(n + 2))2 202 <Cﬁn(1n(n + 2))2(5 +n? —4n +3)(In(n + 2))*" !
+%(n —1)%(2n — 1)(In(n + 2))2”>
(In(n + 3))%" 21 2 1
+7n2 Con(ln(n + 2)) (2 +n 4n+3)—(1n(n+ EEE
(n+1)2(2n+1)
(in(n + )
< Cisn(ln(n +2))°. (30)

The middle term from (21), evaluated at points x,, has factors bounded by
(17), (27), and (30):

wtutal (w2, = (7 = 1)u2/z)
Ju*
Tn
ol 2, — (2 — 1/
. 2]
Tn
_ mﬂ I@ﬁ} |12, — (02 — Du2/z|
ulll,, T, ul )
(In(n + 2))? 1 3
< C C 1 2
S O g e+ 2)
< Cisln(n+2). (31)
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The first term from (21) involves the second z-derivative:

R E= R A O Ve

]l |F(n)n2zn*-1]
< M 82Xn |Z|72n+2 M 82X’n |Z|2n+2
B F(n)nQ 072 F(n)nQ 972 .

2. 1 1 1
zZZ < . 1 3 2n,2n+2
[l Ln = 22, Ar,n? ((ln(n 1 2))2n-2 4202 + (In(n + 3))“" %

< Cen(In(n + 2))? ((ln(n +2))2n-t (In(n + 3))%" >
- 2n? (In(n+2))27=2  (In(n + 1))2n+!

3
¢ oplhy?

The first term from (21) also approaches 0 for large n:

W] |uzz|} |uz|] < o, (nn+2))*
M| = Tl Teell,, =

n

The conclusion from (20) and (21) is:

0 ulu? In(n +2))3
a—W] > canlln(n+2))° = Cualn(n +2) — 0y 2D
Ci6
> E.

5 Remarks and Questions

Remark 5.1. The regularity of the coefficients is an important consideration
in the analysis of unique continuation properties for some PDEs (for example,
[LNW] for strong UCP, and [IVV] for weak UCP), which is why we presented the
detailed Proof of Theorem 4.1. However, we do not yet understand the sharp-
ness of Example 3.2 and Theorem 4.1 for this particular unique continuation
problem. The question that naturally arises is: would improved regularity of
Q(z) (in addition to, or instead of, the flatness property) imply a strong unique
continuation property, or, oppositely, is there some counterexample where Q(z)
is smooth?

Remark 5.2. [R] shows how Example 3.1 can be modified so that the origin is
a non-isolated zero of u; it is a matter of replacing quantities 2%V in (4), (5) by
2N=1(z — a,) for a sequence a,, and re-working the cutoff functions x,. Our
Example 3.2 can be modified in an analogous way but we have not worked out
all the details.
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Remark 5.3. By a construction analogous to (19), the function u from Example
3.2 also satisfies a real linear, elliptic equation of the form uz; = Qaxou;. Q(z)
is not the same as Q(z) but also has entries vanishing to infinite order.

Remark 5.4. Another differential inequality, considered by [R], is
[zl < Kl[a[*[lu-],

for 0 < o < 1. Our attempts to use the construction of Section 2 to find
smooth functions u satisfying the inequality and vanishing to infinite order
at an isolated zero have not yet met any success. [R] proves a weak unique
continuation property for a = %, but the strong property remains an open
question.
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