Dr. Peter Dragnev Extra Credit Homework Solutions

You should draw a picture, where appropriate.

1. Prove de Morgan’s law

Lemma 3.1 Let {S,}4ca be a collection of subsets in R"”. Then

UaEASa - C|: maEA (CSa)

) ﬂaEASa = C|: Uaea (CSOé):| :

Proof: We shall proof the first of the equalities, the other being similar. Let x €
UacaSa. Then z € S, for some fixed o. But then x & ¢(S,) for this choice of a.

Therefore, © € Naea(cSy) by the definition of intersection. But then = € c[ﬁaeA (CSQ)}

by the definition of a complement. So

UaEASa C C|: MNaca (CSoz):| .

We now prove the inclusion in the opposite direction. Let x € c[ NacAa (cSa)]. Then

T & Naea(cSy), and hence = ¢ ¢(S,) for some fixed a (otherwise, x would be an
element of the intersection). The last conclusion implies that x € S, for this particular
«, and therefore it belongs to the union US,, which proves the inclusion in the oposite
direction. This implies the Lemma. O

2. Show that for x € R™ and r > 0 the set B(x, ) is open; that is, show that an open
ball is open.

Proof: Let y € B(x,r) be arbitrary. Then ||y|]| < r and so € := r — ||y|| > 0. We
shall show that B(y,e) C B(x,r), which will prove that the open ball is an open set.
Indeed, let w € B(y,¢). Then ||w —y|| < ¢, and therefore

[w—x|| <[w=yl+lly—x| <e=lly—xl=r—lly—x[+ly—x[|=r. D

3. Let A and B be two bounded sets of real numbers with A C B. Show that

sup{a:a € A} <sup{b:be€ B}, inf{a:a € A} > inf{b: b € B}.

Proof: For brevity denote the L.u.b. of a set G with supG. We have to show that
supA < supB. Since supB is an upper bound of B, we have that supB > b for all
b € B. From the hypothesis A C B, so supB > a for all a € A, i.e. supB is an upper
bound for A. By the definition of l.u.b. we get that supA < supB. a



